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Inviscid Spatial Stability of a Developing Supersonic
Axisymmetric Mixing Layer

Yung-Che Fang¤ and Eli Reshotko†

Case Western Reserve University, Cleveland, Ohio 44106

The instability characteristics of a developing supersonic axisymmetric mixing layer, with basic velocity pro� les
having wake components, is investigated numerically using linear inviscid stability theory in spatial formulation.
The basic � ow pro� les are obtained by numerical solutionof the compressible boundary-layerequations. For small
convective Mach numbers, there are two unstable modes (the shear-layer and wake modes). If the convective Mach
number is large enough, there are three unstable modes (the fast, slow, and wake modes). The slow mode consists of
several similar modes, perhaps due to the axisymmetric geometry. It is also found that there is a mode-interchange
phenomenon between the fast and slow modes and within the slow modes when the velocity pro� le has a wake
component. Finally, the ratio between the streamwise and azimuthal wavelengths of the most ampli� ed wave is
almost constant. The normalized growth rate and the propagation angle of the most ampli� ed wave are consistent
with previous plane mixing layer results.

Nomenclature
Cph = phase velocity of disturbance wave
M = Mach number
MC = convective Mach number, M1(1 ¡ NU2)/ (1 C

p NT2)
m = azimuthal wave number
Pr = Prandtl number
p, NP = pressure and mean pressure
Q = variable, ( a 2 C m2/ r 2) NT ¡ M 2

1 ( a NU ¡ x )2

R = radius of the splitter plate
Re1 = unit Reynolds number, NU ¤

1 Nq ¤
1 / Nl ¤

1
R a = normalized growth rate
r = radial coordinate
S = parameterof theSutherlandviscositylaw, 110.6 K/ NT ¤

1NT = mean temperature
NTw = wall temperature
t = time
NU , NV = mean streamwise and transverse (radial) velocities
OU , OV = transformed streamwise and transverse (radial)

velocities
x = streamwise coordinate
xbl = distance from the leading edge of � at plate
y = transverse coordinate,r ¡ R
a = wave number in the streamwise direction
c = speci� c heat ratio
g = transformed transverse coordinate
h = propagation angle
h 0 = total initial momentum thickness, h 0,1 C h 0,2

k x , k v = wavelength in the streamwise and azimuthal
directions

Nl = mean viscosity
n = transformed streamwise coordinate
P = amplitude of pressure disturbances
Nq = mean density
v = azimuthal coordinate
x = temporal frequency

Subscripts

i = imaginary part
interface = quantity at the interface
r = real part
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1, 2 = quantity at the jet and external freestreams

Superscript

¤ = dimensional quantity

Introduction

K NOWLEDGE of the instabilitycharacteristicsof compressible
mixing layers is of fundamentalimportance.It may bene� t the

understandingof noise generation mechanisms or the enhancingof
air/fuel mixing inside the combustion chamber of modern aircraft
jet engines.There are a lot of investigationsof compressiblemixing
layers. For example, Jackson and Grosch1 studied the spatial sta-
bility of compressible plane mixing layers. At low Mach number,
there is only a single unstable mode. A second unstable mode ap-
pears if the Mach number exceeds a critical value. One of these two
unstable modes is the fast mode with high phase velocity, and the
other is the slow mode with low phase velocity. It was also shown
that oblique (three-dimensional) disturbances have similar behav-
ior to two-dimensional disturbances but with higher growth rate at
some propagation angles, and the maximum growth rate occurs for
oblique disturbances. Liang2 also con� rms the appearance of two
unstable modes in a supersonic plane mixing layer for both spatial
and temporal stability formulations.

In the initial region of the mixing layer, the velocity pro� le
always has a wake component because boundary layers exist on
both sides of the splitter plate. Koochesfahani and Frieler3 studied
the linear spatial stability of an incompressibleplane wake/mixing
layer. Two unstable modes are found. One is the shear-layer mode,
whose corresponding unstable waves lead to the usual Kelvin–
Helmholtz shear layer roll-up pattern, and the other is the wake
mode.

For compressible� ow, Liang et al.4 carriedout a numericalcalcu-
lation of spatial stability for an unboundeddevelopingmixing layer
formed by two supersonic streams and showed that there are three
unstable modes, which are fast, slow, and very slow modes. The
slowest mode is the wake mode. The other two modes correspond
to the fast and slow modes of the self-similar mixing layer.1 Simi-
larly, Zhuang and Dimotakis5 found two unstable modes in the spa-
tial stability of a supersonic developingmixing layer for low Mach
corresponding to the shear-layer and wake modes for the incom-
pressible developingmixing layer.3 With increasingMach number,
the shear-layer mode splits into fast and slow modes and the wake
mode remains unsplit. The two-dimensional mode is the most un-
stable mode if the basic velocitypro� le has a relativelystrong wake
component. Conversely, the three-dimensional mode is the most
unstable mode in the case of a small wake component.
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The object of the present work is to numerically study the in-
stability pattern of a developing supersonic axisymmetric mixing
layer by linearized inviscid stability theory. The wake-like structure
of the basic � ow is solved numerically,based on the boundary-layer
approximation. Studies are performed at several downstream loca-
tions, which cover the range from near the splitter plate to beyond
the point where the wake component disappears. The number of
unstable modes for the developing mixing layer is determined by a
global spectralmethod.The effect of the azimuthalwave numberon
the linear instabilityfor the developingmixing layer is also studied.

Formulation of the Problem
The basic � ow pro� les are calculated by considering a mixing

layer formed by two parallel compressible laminar boundary lay-
ers over an axisymmetric splitter. Each � ow is uniform outside its
boundary layer at the trailing edge and is assumed to be nonreact-
ing and subject to the perfect gas law. Because of the presence of
boundary layers at the splitter, the mixing layer exhibits a wake-like
structure beyond the trailing edge. At some distance downstream
of the trailing edge, the viscous forces smooth out the wake-like
pro� le, and eventually the velocity pro� le becomes monotonic.

Flow variables are nondimensionalizedby the following de� ni-
tions:

(x , r, y, R) D (x¤, r¤, y¤, R¤)

h ¤
0

2Re1, h ¤
0 , h ¤

0 , h ¤
0

( NU , NV , NP) D ( NU ¤, NV ¤, NP¤)
NU ¤

1 , NU ¤
1

.
Re1 h ¤

0 , Nq ¤
1

NU ¤
1

2
(1)

( Nq , NT , Nl ) D ( Nq ¤, NT ¤, Nl ¤)

Nq ¤
1 , NT ¤

1 , Nl ¤
1

The dimensionless governing equations for the mixing layers are
given by

¶
¶ x

(r Nq NU ) C
¶
¶ y

(r Nq NV ) D 0 (2)

Nq NU
¶ NU
¶ x

C Nq NV
¶ NU
¶ y

D
1
r

¶
¶ y

r Nl
¶ NU
¶ y

(3)

Nq NU
¶ NT
¶ x

C Nq NV
¶ NT
¶ y

D
1
Pr

1
r

¶
¶ y

r Nl
¶ NT
¶ y

C( c ¡1)M2
1 Nl

¶ NU
¶ y

2

(4)

Nq NT D 1 (5)

Both c and Pr are assumedconstant.The viscositycoef� cient obeys
the Sutherland viscosity law Nl D NT 3/ 2(1 C S)/ ( NT C S). The initial
and boundary conditions are

NU D NU (y), NT D NT (y) for x D 0

NU D NU2, NT D NT2 for r ! 1
NU D 1, NT D 1, NV D 0 for r D 0

(6)

Note that velocityat the centerlineequals the jet freestreamvelocity
assuming it is still in the core.

Equations(2–5) are discretizedby a fully implicit marching � nite
difference scheme in the timelike streamwise direction and a mul-
tidomain spectral collocation method in the transverse direction.6

At each marching station, the coupled spectral discretizationequa-
tions are solved by the preconditionedRichardson iteration method
to a speci� ed level of accuracy.

For simplicity, the initial pro� les at the splitter trailing edge
are assumed to be the similarity solutions of a two-dimensional
boundary-layer � ow. This assumes that h ¤

0 / R¤ ¿ 1. The governing
equations for a two-dimensionalboundary-layer� ow are similar to
Eqs. (2–5) except that the radius factors are discarded.A coordinate
transformation7 is introducedto allow easy transfer from boundary-
layer coordinates to mixing-layer coordinates:

n D 2xbl, g D
y

p
2xbl

, OU D Nq NU , OV D Nq ( n NV ¡ g NU )

(7)

The resulting dimensionless governing equations are given by

OU C
¶ OV
¶ g

D 0 (8)

OV
¶ NU
¶ g

D
¶
¶ g

Nl
¶ NU
¶ g

(9)

OV
¶ NT
¶ g

D 1
Pr

¶
¶ g

Nl
¶ NT
¶ g

C ( c ¡ 1)M2
1 Nl

¶ NU
¶ g

2

(10)

The initial boundary-layerpro� les at the trailing edge are solved
individually for the external � ow and the jet. The boundary condi-
tions for the external � ow are

NU D NU2, NT D NT2 for g ! C1

NU D OV D 0, NT D NTw for g D 0
(11)

and for the jet are

NU D OV D 0, NT D NTw for g D 0

NU D 1, NT D 1 for g ! ¡1
(12)

The wall temperature NTw equals the average of jet and external total
temperatures.Equations (8–10) are also solved by the multidomain
spectral collocation method.

Linear stability analysis is done by imposing an in� nitesimal dis-
turbance on the basic � ow and observing it over space and time.
This slight disturbance will not interact with other disturbances or
the basic � ow, and nonlinear terms in the stability equations can be
discarded. The time-dependent quantities can be considered in the
form of a superposition of mean � ow quantities and in� nitesimal
� uctuation terms. The basic � ow is assumed a locally parallel � ow,
and axial gradients of basic � ow quantities are neglected. Based
on the normal-mode analysis, the disturbance term can be Fourier
decomposed.For example, the time-dependentpressure is given by
p D NP C P (r) exp[i ( a x C m v ¡ x t)]. Other � ow quantities have a
similar form. The � ow quantitiesfor the stabilityanalysisare nondi-
mensionalizedby h ¤

0 , NU ¤
1 , h ¤

0 / NU ¤
1 , Nq ¤

1 , NT ¤
1 , and Nq ¤

1
NU ¤

1
2 for length, ve-

locities, time, density, temperature, and pressure, respectively.
Substituting the decomposed forms into the governingequations

and neglectingviscousand conductiveterms, the linearized inviscid
stability equations become6

d2 P

dr 2
¡ 2 a

a NU ¡ x

d NU
dr

¡ 1
NT

d NT
dr

¡ 1
r

d P

dr
¡

Q
NT

P D 0 (13)

and the boundary conditions are

P ! 0 or bounded at r D 0
(14)

P ! 0 at r ! 1

The linearizedinviscidstabilityequation(13)is solvedbya hybrid
method, i.e., using the global method (Chebyshev spectral colloca-
tion method) to compute all of the eigenvalues � rst, and applying
the localmethod(Runge–Kutta shootingmethod) to re� neparticular
eigenvalues and to compute the correspondingeigenfunctions.6

Results
A single-subdomainspectralmethod is applied to both the jet and

external stream boundary-layer calculations at the trailing edge. A
two-subdomain spectral method is applied to the following down-
stream mixing-layer calculation where one subdomain covers the
region of y ¸ 0 and the other one y · 0.

The present results are obtained for three sets of parameters, as
shown in Table 1. Parameters are taken at sea level for a jet engine
and externalstatic temperatureis equal to 294K. Primarily, theeffect
of jet Mach number is investigated, i.e., M1 D 1.4, 1.8, and 2.2. For
all three cases, NU2 D 0.25, NT2 D 0.5, Pr D 0.72, c D 1.4, S D 0.188,
R D 100, and h 0,1 D h 0,2. The values of M1 are chosen so that MC

covers the range from 0.6 to 1.0.
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Table 1 Computational parameters

Parameters Case 1 Case 2 Case 3

M1 1.4 1.8 2.2
M2 0.495 0.636 0.778
MC 0.615 0.791 0.967

Fig. 1 Pro� les of basic � ow for M1 = 1:4: a) velocity and b) temper-
ature.

The coordinate parameters for the initial boundary-layer calcu-
lations at the trailing edge are g interface D 0, ¡20 for the jet and
g interface D 0, 20 for the externalstream.For the downstreammixing-
layer calculation, those are yinterface D ¡20, 0, 20. To resolve the
rapid-changebasicpro� le,more collocationpointsare requirednear
the region of y D 0. The convergencecriterion is that the maximum
pointwise velocity and temperatureerrors between two consecutive
iterations are less than a speci� ed tolerance of 10¡10 . Each subdo-
main has 101 collocation points. The marching step D x is equal
to 10¡4 for 0 · x · 0.1 and gradually expanded to 10¡2 by 10% at
each step for 0.1 < x · 5. The basic pro� les at each station possess
at least � ve-digit accuracy. Figure 1 shows the velocity and tem-
perature pro� les for M1 D 1.4 at various streamwise locations.The
other two cases, M1 D 1.8 and 2.2, have similar pro� les. The wake-
like character of the velocity pro� les disappears by x D 1 for all
three cases, and the jet core persists to the end of the computational
domain.

Instability characteristics of the � rst 26 azimuthal wave num-
bers (0 · m · 25) for M1 D 1.4 are all resolved. Results for only
four azimuthal wave numbers ( m D 0, 5, 15, and 25) are plotted in
Figs. 2 and 3. There are two unstable modes (the shear-layer and
wake modes). The wake mode disappears when the velocity pro� le
has no wake component at x ¸ 1 and is consistent with previous
plane wake/mixing layer calculations.3–5 The shear-layer mode is
more unstable than the wake mode at all streamwise locations. As
m increases, both the shear-layer and wake modes become less un-
stable. However, in Ref. 3 it was found that at some � ow conditions
the shear-layer mode is more unstable and at other � ow conditions
the wake mode is more unstable.

The maximum growth rates for the � rst 26 azimuthal wave
numbers are plotted in Fig. 4. At the initial mixing-layer region
(x D 0.01–0.5), the maximum growth rates of the � rst 26 azimuthal
wave numbers are nearly equal. Farther downstream, the growth
rates of the higher azimuthal wave numbers begin to diminish. For
example, at x D 5 only the � rst 15 azimuthal wave numbers remain
ampli� ed. This trend is similar to the jet stability calculation at far-
ther downstreamlocations.8 The most ampli� ed waves for M1 D 1.4
correspond to the axisymmetric shear-layermode at all streamwise
locations.

Results of linear instabilityfor M1 D 1.8 are shown in Figs. 5 and
6. The two unstable modes are the same as those for M1 D 1.4. The

Fig. 2 Variation of spatial growth rate vs frequency for M1 = 1:4: ——,
m = 0; – – –, m = 5; - - - -, m = 15; and – - –, m = 25; a is shear-layer mode,
and b is wake mode.

Fig. 3 Variation of phase velocity vs frequency for M1 = 1:4: ——,
m = 0; – – –, m = 5; - - - -, m = 15; and – - –, m = 25; a is shear-layer mode,
and b is wake mode.

Fig. 4 Spatial growth rate of the most ampli� ed wave as a function of
azimuthal number for M1 = 1:4.
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Fig. 5 Variation of spatial growth rate vs frequency for M1 = 1:8: ——,
m = 0; – – –, m = 5; - - - -, m = 15; and – - –, m = 25; a is shear-layer mode,
and b is wake mode.

Fig. 6 Variation of phase velocity vs frequency for M1 = 1:8: ——,
m = 0; – – –, m = 5; - - - -, m = 15; and – - –, m = 25; a is shear-layer mode,
and b is wake mode.

shear-layer mode is also more unstable than the wake mode. The
maximum growth rates for the � rst 26 azimuthal wave numbers are
plotted in Fig. 7. It is foundthat themost ampli� edwavecorresponds
to theazimuthalshear-layermode insteadof theaxisymmetricmode,
which is different than that for M1 D 1.4. As x increases, the most
ampli� ed wave has lower azimuthalwave number. For example, the
most ampli� ed wave number is m D 19 at x D 0.01 and m D 4 at
x D 5.

The growth rate as a function of frequency for axisymmetric
modes (m D 0) at M1 D 2.2 is shown in Fig. 8. There are three un-
stable modes because the shear-layer mode splits into two modes
and the wake mode stays unsplit when M1 changes from 1.8 to 2.2.
The two shear-layermodes are classi� ed as the fast and slow modes,
where the fast mode always has higher phase velocity than the slow
mode (cf. Fig. 9). The mode-splittingresult is consistentwith plane
mixing layer instability calculations.1 , 5 The slow modes actually
consist of several distinct modes with similar instability character-
istics. Most of the slow modes are distributed at high frequencies

Fig. 7 Spatial growth rate of the most ampli� ed wave as a function of
azimuthal wave number for M1 = 1:8.

Fig. 8 Variation of spatial growth rate vs frequency for m = 0 and
M1 = 2:2; a is fast mode, b is wake mode, and c is slow mode.

Fig. 9 Variation of phase velocity vs frequency for m = 0 and M1 = 2:2;
a is fast mode, b is wake mode, and c is slow mode.
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near the neutral instability point of the fast mode. Only a few of the
slow modes with the largest growth rates are shown in Figs. 8 and 9.

The fast mode is always more unstable than the slow and wake
modesat all streamwiselocations.This is contraryto Ref. 4, in which
the wake mode (slow mode II in their terminology) is dominant in
the initial downstream region. Farther downstream, the wake mode
becomes stable, and the fast mode becomes the dominant mode
thereafter. A similar calculation on a plane wake/mixing layer5 has
shown that the slow mode emerges as the dominant mode for two-
dimensional disturbances, also contrary to the present result.

Figure 9 shows the variation of the phase velocity with the fre-
quency for m D 0 and M1 D 2.2. A mode-interchangephenomenon
between the fast and slow modes is found for x < 0.1, where the
basic velocity pro� le has a strong wake component. For x < 0.1,
the phase velocity curve of the fast mode always cuts through those
of the slow mode and this cut-through feature of the phase velocity
curves actually corresponds to a mode interchangebetween the fast
and slow modes. Referring to Fig. 8, as the mixing layer moves far-
ther downstream from x D 0.01, the growth rate of the fast mode at
higher frequencies decreases faster than that at lower frequencies.
At the same time, a single slow mode at middle frequencies keeps
growing. Eventually at a certain downstream location (see Fig. 8c
for x D 0.077), the higher frequency portion of the fast mode de-
generates to a new slow mode, and the original slow mode emerges
as a part of the fast mode. The mode interchange between the fast
and slow modes occurs not only at middle frequencies but also at
high frequencies, whereas the interchanging at middle frequencies
affects the growth rate more than that at high frequencies.

At x D 0.1, themode interchangebetweenthe fast andslowmodes
is diminished. Only a single curve of the slow mode cuts through
other curves of the slow mode, and this corresponds to the mode
interchangewithin the slow modes (cf. Fig. 9d). For x ¸ 0.5, there is
no further mode interchange, and the fast and slow modes behave
independently.In themode-interchangeregion,what is fastandwhat
is slow are not always obvious.The presentclassi� cationsre� ect the
nature of these modes downstream of the mode-interchangeregion,
which is in the later mixing layer region.

The emergence of several slow modes for the developing ax-
isymmetricmixing layer probablyoriginatesfrom the axisymmetric
geometry. For the higher azimuthal wave numbers (m > 0), the in-
stability characteristicsare similar to the axisymmetricmode except
there is no slowmodeat themiddle frequencyand onlydistributedin
the high-frequencyregion. This suggests that the mode interchange
between the fast and slow modes occurs only at high frequenciesfor
the higher azimuthal wave numbers. The instability characteristics
of the fast mode are plotted in Figs. 10 and 11, and the results for
four azimuthal wave numbers are shown. Generally speaking, they

Fig. 10 Variation of spatial growth rate of the fast mode vs frequency
for M1 = 2:2: ——, m = 0; – – –, m = 5; - - - -, m = 15; and – - –, m = 25.

Fig. 11 Variation of phase velocity of the fast mode vs frequency for
M1 = 2:2: ——, m = 0; – – –, m = 5; - - - -, m = 15; and – - –, m = 25.

Fig. 12 Spatial growth rate of the most ampli� ed wave as a function
of azimuthal number for M1 = 2:2.

Fig. 13 Variationof ratio of streamwise wavelength to azimuthalwave-
length vs streamwise coordinate for various M1; is M1 = 1:8, and is
M1 = 2:2.

are similar to those for M1 D 1.8 (Figs. 5 and 6). Figure 12 shows
the maximum growth rates for the � rst 26 azimuthalwave numbers.
At x D 0.01, the maximum growth rates of the � rst 26 azimuthal
wave numbers (0 · m · 25) are nearly equal. As x increases, the
most ampli� ed wave has lower azimuthal wave number, which is
similar to that for M1 D 1.8. For example, the most ampli� ed wave
number is m D 17 at x D 0.05 and m D 5 at x D 5.

The ratio between the streamwise and azimuthalwavelengthsfor
the most ampli� ed waves is

k x / k v D m/ a r R (15)

The ratio k x / k v of themostampli� ed azimuthalwaves is shownin
Fig. 13onlyfor thoseat M1 D 1.8 and2.2 becausethemost ampli� ed
wave occurs for the axisymmetric mode at M1 D 1.4. The ratios
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Fig. 14 Variation of normalized growth rate vs convective Mach num-
ber: , present two-dimensional waves; , present azimuthal waves; ,
Ref. 10; ——, two-dimensional waves of Ref. 9; – – –, oblique waves of
Ref. 9; and , Ref. 11.

k x / k v for M1 D 1.8 and 2.2 at most streamwise locations (x ¸ 0.05)
are almost constant at values of 0.89 and 1.36, respectively. This
suggests that the azimuthal waves in a developing mixing layer
evolve in such a way that the ratio between the streamwise and
azimuthal wavelengths is nearly constant.

The average propagation angle h D tan¡1 m / a r R for M1 D 1.8
(MC D 0.791) is 41.7 deg, and for M1 D 2.2 (MC D 0.967) it is
53.7 deg. These values are similar to those of plane mixing layers
because the propagationangles for plane mixing layers at MC D 0.8
and 1 are 46.8 and 56.2 deg, respectively.9

The present results are compared with those for plane mixing
layers by considering the variation of growth rate with convective
Mach number. To make the comparison, a normalized growth rate
is introduced:

R a D
¡ a i MC, m, NU2 , NT2 most ampli� ed

¡ a i MC D 0, m D 0, NU2, NT2 most ampli� ed

(16)

where the maximumgrowth rate is scaledby its incompressibletwo-
dimensionalcounterpart.10 The presentresultstogetherwith thoseof
previousplane mixing layer investigations9–11 are shown in Fig. 14.
The present normalized growth rates are taken at streamwise loca-
tions x D 0.01, 0.05, 0.1, 0.5, 1, 2, and 5 for MC D 0.615, 0.791, and
0.967. It is shown that R a of the most ampli� ed waves for all three
cases MC D 0.615,0.791, and 0.967 is nearlyconstantat most inves-
tigated streamwise locations (x ¸ 0.05). For a plane mixing layer,
when MC < 0.64, the most ampli� ed wave is a two-dimensional
wave. As MC increases, the azimuthal disturbance becomes more
unstable than the two-dimensional wave. The present results are
consistentwith those of Ragab and Wu.9 It is clearly shown that the
growth rate behaviorof an axisymmetriccompressiblemixing layer
in the early developing region is similar to that of a plane mixing
layer.

Concluding Remarks
The instability of a compressible axisymmetric mixing layer is

studied using inviscid stability theory. It is shown that wake-like

basic � ow pro� les and axisymmetric geometry affect the instability
characteristics signi� cantly. One of the unstable modes, the wake
mode, only occurs for wake-like basic � ow pro� les. Emergence
of several slow modes probably originates from the axisymmetric
geometry.These slowmodes will give a newdegreeof complexityto
problems where the slow modes dominate. In these circumstances,
the nonlinearity between these slow modes cannot be neglected.
Also, the mode-interchangephenomenonthat appears at the highest
convectiveMachnumberof this investigationis quite interestingand
requires further study.
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